International Journal of Engineering Research and Modern Education (IJERME)
Impact Factor: 6.525, ISSN (Online): 2455 - 4200
(www.rdmodernresearch.com) Volume 2, Issue 1, 2017
OPERATIONS ON INTERNAL AND EXTERNAL CUBIC SOFT
MATRICES
V. Chinnadurai*, S. Barkavi** & S. Kadalarasi***
Department of Mathematics, Annamalai University, Annamalai Nagar,
Chidambaram, Tamilnadu

Cite This Article: V. Chinnadurai, S. Barkavi & S. Kadalarasi, “Operations on Internal
and External Cubic Soft Matrices”, International Journal of Engineering Research and
Modern Education, Volume 2, Issue 1, Page Number 121-131, 2017.

Copy Right: © IJERME, 2017 (All Rights Reserved). This is an Open Access Article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

Abstract:

In this paper, we define some operations on internal and external cubic soft matrices. We also
characterized some of its algebraic properties.
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1. Introduction:

The concept of fuzzy set was introduced by Zadeh[12]. He studied their properties on the parallel lines to
set theory. Since their many papers on fuzzy sets appeared high lighting the importance of the concept and its
applications to logic set theory, group theory, real analysis, measure theory, topology etc.

In 1975, Zedeh[12] introduced a new notion of fuzzy sets viz., internal valued fuzzy subsets, where the
values of the membership function are closed interval of numbers instead of a number.

In 1999, Molodstov [8] introduced the novel concept of softsets and established the fundamental results
of the new theory. In[3], Jun et al. introduced a new notion of cubic set which is a combinations of fuzzy set and
interval valued fuzzy set and also investigated several properties of cubic sets.

Fuzzy matrix was introduced by Thomason [11] and the concept of uncertainty was discussed by using
fuzzy matrices. Chinnadurai and Barkavi introduced a new concept of cubic soft matrrix, interval cubic soft
matrix and external cubic soft matrix[2].

In this paper, we define some operations on internal and external cubic soft matrix. We also discuss some
basic algebraic properties of cubic soft matrix.

2. Preliminiaries:
In this section first we review some basic concepts and definitions.
Definition 2.1 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set over U is

defined to be a pair (@, A) where @ isa mapping from Ato P(U) and Ac E. Then the pair (®, A)
can be represented as, (®@,A)= {cD(e)/e € A} where @ (e) = {<u, A (U), A, (u)>/u cU. ec A} is a

cubic soft set in which A}(u) is the interval valued fuzzy set and A, (U) is a fuzzy set.
Definition 2.2 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set (D, A) over
U s said to be an internal cubic soft set if A, (U) <A, (u) < A (u) forall €€ A andforall UeU.
Definition 2.3 [9] Let U be an initial universal set and E be a set of parameters. A cubic soft set (d,A) over
U s said to be an external cubic soft set if A,(u) ¢ (A, (u), A, (u)) forall €€ A andforall UueU.
Definition 2.4 [9] Let U be an initial universal set and E be a set of parameters. For any subsets A and B of E,
(®,A) and (I",B) be cubic soft sets over U.
1. The R-union of (®,A) and (', B) isa cubic softset (H,C) where C = AUB and
@(e) if e A/B,
He) = I'(e) if e e B/A,
D(e)uyI'(e) ifec AnB
forall € € C . Thisis denoted by (H,C) = (D, A)u;, (I, B).
2. The R-intersection of (@, A) and (I",B) isa cubic softset (H,C) where C = ANB and
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D(e) if e e A/B,
He) = I'(e) if e e B/A,
d(e)nyI'(e) ifeec AnB
forall € € C . Thisis denoted by (H,C) = (D, A)y (I', B).

Definition 2.5 [9] Let U be an initial universal set and E be a set of parameters. For any subsets A and B of E,
(®,A) and (T",B) be cubic soft sets over U.

1. The P-unionof (®,A) and (', B) isa cubic softset (H,C) where C = AUB and
D(e) if e e A/B,
He) = I'(e) if e e B/A,
de)u,I'(e) ifeec ANB
forall e € C . Thisis denoted by (H,C) = (D, A)u, ([',B).
2. The P-intersection of (@, A) and (I",B) isa cubic softset (H,C) where C = ANB and
D(e) if e A/B,
He) = I'(e) if e e B/A,
dE)n,I'(e) ifee ANB
forall e € C . Thisis denoted by (H,C) = (D, A), ([, B).
Definition 2.6 [9] Let U be an initial universal set and E be a set of parameters. The complement of a cubic soft
set (@, A) over U isdenoted by (®,A)° and defined by
(@, A) = (D°,—A) where ®°:—A—XP(U) and (P, A)° = {D°(e)le € A} where
®°(e) = {u, A (), £ ))/ucU e < Al
Definition 2.7 [7] A matrix A=[a;],,, issaid to be fuzzy matrix if a; €[0,1],1<i<m and 1< j<n.
Definition 2.8 [7] For any two fuzzy matrices A =[a;],B =[b;] and ascalar k € F . Then,
() A+B =[supiay,b; = vIa;,bij].
i) AB=[sup{inf{a;.b; [fl = vir[a;.b;1}
(i) KA=[inf k, & 1= Alk,a;].
Definition 2.9 [7] For any fuzzy matrix A=[a;], the transpose is obtained by interchanging its rows and
columns and is denoted by A" = [a;] foralli,j.

Definition 2.10 Let U :{ul,uz,...,um} be an initial universal set and E = {el,ez,...,en} be a set of
parameters. Let A E. Then cubic soft set (P, A) can be expressed in matrix form as

a;, a, e 4y,
a a e a
( — _ 21 22 2n
A =[g]= | . : :
a'ml a'm2 a'mn

such that A" =[a;]= <& (), 4. (ui)> = <Z1f‘,2,3> which is called an Mx N cubic soft matrix(shortly
J J

CS-matrix or CSM) of the cubic soft set (D, A).

According to this definition, a cubic soft set (d, A) is uniquely characterized by matrix [aij mxn Where
1=1,23,...mand j=1,23,...n

Example 2.11 Let U = {ul,uz,ug,u4} is a set of cars and A= {81,82,83} is a set of parameters, which
stands for mileage, engine and prize respectively. Then cubic soft set is defined as
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(@,A) ={ e, (u,,([0.5,0.8]0.6)),(u,,([0.1,0.7]0.5)), (us,([0.2,0.6]0.9)), (u,, ([0.3,0.910.4))]
[e,. (u,([0.2,0.5]0.3)), (u,,([0.3,0.6]0.7)), (us,([0.2,0.7]0.2)),(u,, ([0.3,0.5]0.1))}
[e,. (u.,([0.1,0.810.4)), (u,, ([0.6,0.7]0.9)), (us, ([0.2,0.9] 0.5)), (u,,([0.3,0.710.4)) .
Then the CS-matrix A’ is written as,
([0.5,0.8]0.6) ([0.2,0.5]0.3) ([0.1,0.8]0.4)
([0.1,0.710.5) ([0.3,0.6]0.7) ([0.6,0.7]0.9)
(10.2,0.610.7) ([0.2,0.7]0.2) ([0.2,0.9]0.5) |
([0.3,0.9]10.4) ([0.3,0.5]0.1) ([0.3,0.7]0.4)

3. Operations on Internal and External Cubic Soft Matrices:
In this section we define operations on internal and external cubic soft matrices and discuss some
algebraic properties.

Definition 3.1 [2] Let Al =[a;1eCSM,, . Then Al is an internal cubic soft matrix (ICSM), if

- - N

A <A <A foralli,j.

Definition 3.2 [2] Let A =[a;]1eCSM,, . Then A" is an external cubic soft matrix (ECSM), if
- N

A5 (A A ) foralli,j.

Definition 3.3 [2] Let A :<[Af,,§f+],ﬂ,f}>, B¢ :<[I§i;’,§i?+],yi?>eCSmen. Then

( =

1. P-union of A' and B' is denoted by A' v, B' and defined as A’ v,B' =C' | if
( = -/~ ~C _ Aa Qb _ b -
C' =[c;]= <Cij°,7/;> , where Cj = max{Aja, B; } and yy = max{ﬂ;?,yij} forall i, j.
2. P-intersection of A" and B' is denoted by A' A, B' and defined as A A, B =C* | if
- -/~ ~c — minlAa Rb — mi b .
C' =[c;1= <Cij°,7/;> , where Cj = min {Aja, B; } and y; =min {Aﬁ,yij} forall i, j.
3. R-union of A" and B' is denoted by A' v, B' and defined as A" v B' =C' | if
_ = ~c _ ~a Sb - b -
C' =[c;1= <Cij°,7/§> , where C = max{AJf“, B; } and y; =min {ﬂ;,yﬁ} for all i, j.
4. R-intersection of Al and B' isdenotedby A" A B¢ and defined as
( (=cC = -/c ~c — inlpa pb — b
Al A, BC =C' if C! —[Cij]—<Ci}’,7/§>,where Cj = mln{Af,Bij } and y; —max{/lf},yij}
forall i, j.
Proposition 3.4 Let A',B',C' € ICSM

(i) A v, A = A,
(ii) A" v, AL = A
(iii)AC A, AL = A
(iv) A Ap AU = A
Proof. Let A°,B',C' €ICSM,__..
() A vp A= (AN 2 v (AR 25 forall i, .
Al v, Al :<max{/3;,Z\f},max{xg,zg}ﬁorau i |
= (AL
= A",
(i) A vy Al =<Eif,/lﬁ>vR <Rf,ﬂffj‘> forall i, j.

(resp.ECSM . .). Then

mxn mxn
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<max{AIJ ,A”} mln{/lfl‘,/ia}> forall i, j
:<Aij1 ij>
— A(

(i) AC A, A —<A‘J, >/\p<A“, > forall i, j.

AL A, Al :<min{AJi°‘, 3, min{A2, 22 >fora|| i |
=(Al4)
- A(
(iv) A Ag Al —<A], >/\R <A“, > forall 1, J.

AL A Al <m|n{AIJ ,Au} max{/ifj‘,ﬂa}> forall i, j

= <Aij ’ ij>

= AC
Proposition 3.5 Let A',B' € ICSM__ (resp.ECSM
(i) A" v, B =B' v, A",
(i) A" v B' =B v, A",
(iii)A" A, B¢ =B A, A",
(iv) A" Ap B =B Ap AL
Proof. (i) A" v, B =<,Kjf,/1;>vp<§.p,y§> forall i, j.

A' v, B =<max{A,J B! }max{ﬂu,,u”}>foralli j

<max{BIJ ,AU} max{,uu, >foraII| j
=B v, A",

(i) ACve BC = (AL A5 ) v (B, agp) forall i, ]

Al v, B <max{A” B! }mm{/z,,,ﬂu}>foraui j

max{B”,A,J} mln{yu, }> foralli, j
= B¢ Vg Al

Al v, Al

mxn)- Then

(i) A A, B = (AT A > » (By,

\/

forall 1, .

< in{A?, BS}, min{ 2, ,uu}> forall i, j
<m|n{B,J,A”} mln{,u”, }> forall i,

iv) A" A, B<—<A“, > <Bb,,u>fralllj

CAp BC = (min{A?, B}Y max{/;, uy}) foralli, |
<m|n{Bu,A”} max{yu, }> foralli,
=B' Ag AL
Note 3.6 In Proposition 3.5, (i) and (iii) are also an ICSM. But (ii) and (iv) are not an ICSM.
Proposition 3.7 Let A" ,B‘,C' € ICSM__(resp.ECSM ). Then

mxn

124



International Journal of Engineering Research and Modern Education (IJERME)
Impact Factor: 6.525, ISSN (Online): 2455 - 4200
(www.rdmodernresearch.com) Volume 2, Issue 1, 2017

(i) (A( v, B )vP Cl=A"v, (B( v,y C )
(i) (AC Vi B JveC= A v, (B voC')
(i) (A Ap B )Ap CC = A A, (B ApC')
(iv) (A( Ag B )/\R Cl = A" Aq (B( Ag C! )
Proof. Let A' = (A, 4%),B" = (B}, 47),C' =(C,7;)eICSM,,.
Then (i) (A( v, B )vp c' = (<Z~if,lﬁ>vp <I§i?,,ui?>)vp <6i}°,7/§>.
(A vy B v €O = ((max{Ay. B} max{ay, u}) v, C* foralli,j
= (maxgmax{A, B}, Cih madmax{Z, 1}, 7;3)
(max{A;, max{B} ,C; 1}, max{A;, max{uy, 7i}})
A
A

Cva (<max{|§ij.’,5ij°},max{pi?,;/ij?}>)for all i, j
‘v (B( vy C! )

(ii) (A( Vg B )\/R C! :(<Af,lf}>vR<§i?,y§>)vR <6ij°,7/§>.

(A ve B Jve €O = (maxgA?, ByY.mingag, ui}))v, C* foralli,j
= (max{max{A;, B}},C; 3 min{min{A;, 117}, 7;3)
= (max{A;, max{B} ,C; 3}, min{2; , min{x; 77 }})
= AC v, (<max{§§,6;},min{ﬂi?,y;}»for all i, j
= A" v, (B( vg C! )
(i) (AC Ap BC A, C" :(<5‘f,/1;'j>/\P <|§i}’,ﬂ§>)/\P (Cs. 7).

(A Ap B )ap CC = ((min{AZ,BYY min{5, u0}))v, C* foralli,j

(min{min{A;, By}, C;'}, min{min{2;, 17}, 75})
= (min{A?, min{B;, C; 1}, min{4; , min{u, 7; }})
= A" A, (<min{|§if,6ij°},min{yi?,yij?}»for alli, j
= A" A, (B( Ap C! )

(iv) (A( A B )/\R C' = (<"&1fa/lﬁ>/\R <§i;)uuikj)>)/\R <6i;:!7/i(j:>'

(A Ag B )ag CC = ((min{A?, ByY.max{zg, ut}))v, C* foralli,j

= (mingmin{A; , B}, C;}, maxqmax{; , 4}, {3)
= (min{A?, min{B;, C;'}}, max{A;, max{x; , »;}})

C g (<min{|§if’,5ij?},max{,ui?,yij?}>)for all i, j

C Ag (B( Ag C! )

Note 3.8 In Proposition 3.7, (i) and (iii) are also an ICSM. But (ii) and (iv) are not an ICSM.

Proposition 3.9 Let A',B' € ICSM__(resp.ECSM ). Then

M (A ve B f =(Af Ap (B

i) (ACve B f =(Af A (B f.

1
> >
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iy (AC Ap B f = (A f v, (B f.
. C
i) (A Ag B f =(Afvq (B f.

Proof. Let A¢ = <Z‘f,iﬁ>, B' = <§i,p,,ui?> €ICM,.,.,

Then (i) (A" v, B¢)° :(<Af,ﬂ1?>vp<,§f,ﬂ,§>)c for all i, j
(A* v, B =1-(A"' v, B")
=1- <max{'»;f, B.}, max{Z:, ,ui?}> forall i, j
= <min{1— Al,1-BPY,min{1-23,1- ﬂ;’}>
= (minf(A7)°, (B)) 1 min{(43)", (17)°})
=(Af Ap (B
(i) (A" vg BO) :(<,5,f,ﬂ§>vR<,§f,ﬂ;>)c for all i, .
(A" v B =1-(A" v, B")
=1- <max{Af, BL}, min{ 4, ,ui?}> foralli, j
= (min{1- A7 1- By} max{1- 43.1- u}})
= (min{(A})", (B})} max{(%)*, ()})
=(A fAe (B ).
iy (A" Ap BY)° —(<AJ >/\P AJ /lij )( forall i, j.
(A" A, BO) =1-(A" A, B")
=1- <min{;&ij'°‘, BL}, min{A2, y;’}> forall i, j
=<max{1— Al,1- B}, max{1- 22,1~ y,j’}>
= (maxf(A7)°, (B)) 1 max{(43)°, (4)°3)
=(A S v, (B ).
(iv) (A AgBO)° ‘(<A, B ne (A >)C for all i, .
(A" A B =1-(A" AL B")
=1- <min{,&§‘, BP}, max{:, y;’}> foralli, j
= (max{1- A7 1- By}, min{1- 43,1- u}})
= (max{(A)", (B})} min{(4)°, ()°})

=(A f v (B').
Note 3.10 In Proposition 3.9, (i) and (iii) are also an ICSM. But (ii) and (iv) are not an ICSM.
Theorem3.11 Let A" ,B‘,C' € ICSM___ (resp.ECSM___ ). Then

M (A veB ), Cl =(AC A, c<) - (B ApC')
(i) (A( v, B )/\ c! (A( A C() (B( A C()
(i) (A" v B )ap CC = (A" A, Cl )ve (B ApCl)
(iv) (A( Vg B )/\ C! (A( Ag CY v (B( AR C()
v) (A( Ap B )vp C! —(A( v,y Cl )/\ (B( Vp C()
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(vi) (A( Ap B )vR C! :(A( vg C )/\P (B( Vg C()
i) (A" Ag B JvpCC = (AT v,y C )ag (B vpC')
iii) (A Ag B¢ v CC = (AC vy Cl)
Proof. Let A’ =<E,f,ﬁfﬁ>, B¢ =<I§>‘b ),
Then (i) (A( vp B! )/\P Ccl = (<AiJ >\/P <BIJ 1 >) Ap <6ijc,7/§>.

(ACve B )Jap C' = (max{A}, B} max{%;, ui}) A, C' foralli,j

= (min{max{Ay, By},C;} min{max{2;, u;},7;})

= (maxgmin{A,C; 3, min{Bp, C; 1}, max{min{A; 7}, min{uy, 7;3})
A(/\ C() (B(/\ C()
(”) (A( Ve B( /\R (< f Blj/uu )/\R <C|;:77/|JC>

=(Cy.7;) € ICSM,,,,

(A€ v, BO)aq C max{A,J By} max{2, u3}) ng C' foralli, j
min{max{A;, B;},C;} maxmax{4;, 1}, 7;})
max{mln{AU C i mln{Bij ,Cij 1 max{max{4;, yij},max{,ui?, 7/“?}}>
AL A C() (B( /\RC()
(iii) (A( Vg B )/\P Ccl = (< >VR <Bu,uu >) Ap <6ijc’7/ij?>'
(A€ v BO) A, C = (max{A; , B}, min{23, 40} A, C' foralli,j
<m|n{max{Au BY},Ce} min{min{ A2, 40}, y;}>
= (max{min{A;,C;},min{B},C;}}, min{min{4; , 7;}, min{s;, 7;33)
AL A, C! )VR (B( A C()
(iv) (A( Vg B )/\R cl = (<pA~i >\/R<B,J,uu>) <CC yu>
(A€ v BO)Ag C = (max{A; B}, min{3, 4}) A C' foralli
<mln{max{A, B}.CiY max{min{Z;, 4% 73)
max{mln{Aij ,Cijc}, min{§if , Ci}‘}}, min{max{A; , 7}, max{y; , 75}}>
AC A CC)vy (BC AgCt)
(v) (A( Ap B! )\/P (o3 =(<~Jf°‘,/la> <Bu,uu>) <6ij°,7/u?>.
(A( Ap B )vP C! :<m|n{Au B}, min{, y,ﬁ’}>v C‘ foralli, j
<max{m|n{A,J B }C } max{min{A;, 1}, y,f}>
min{max{AIj C i max{B C i 1} min{max{4;, y,j},max{yi?,y“?}}>
Al VPC() (B(v C()
(vi) (A( Ap B! )vR Cl =(<E;,iﬁ>/\,,<|§ifyu>) <C° 7u>
(A€ Ap BO Jvo CC = (min{A?, B}, min{2s, uf}) v, C' foralli,j
(max{min{A;, B}},C; ¥, mingmin{z; , 1}, 7;3)

min{max{A?,C<}, max{B., C:}}, min{min{22, 7}, min{s., y;;}}>
AC v, CO)ag (BC vpCt)
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(A Ag B JvpCC = (m m{AJ. ,Bij},max{ﬂ,;,,uij}> L C! foralli, j
= (maxgmin{A;, B;'},C;}, max{max{/;, 4}, 7:})

= (min{max{A, C;'}, max{By, C; 3}, max{max{A;, y;} max{x; , 7; }})
=(AC v, CO)ag (B vpCt)
(viii)( AR B( \/ C' = ( >/\R<Bu,uu>) <C° 7/“>

(A€ Aq BO)vg C = (min{A; B}, max{3, 4 }) v, C' foralli,
max{min{A?, B}, C; 3, min{max{ 43, 4}, 753)
min{max{A, C;},max{B} ,C; 3} max{min{z;, 7;}, min{sy; 77 }})
AC v, Cl)ag (B veCl)
Theorem3.12 Let A' ,B‘,C' € ICSM__(resp.ECSM__ ). Then
M A vp (B ApCU)=(AC vp B )ap (A vy C
(i) A vy (B' AgCl)= (A vy B g (A v,pCl

),

1
T

¥

)

)

iv) Al v, (B( Ag Cl ): (A( Ve B )Ag (A( Vg C( )
) p )

)

)

)

=(Cy.7;) € ICSM,,,,

Then (i) A v, (B( Ap C ):<AJ ﬂf‘>vp (<B,J,uu> <C° 7u>)
A vy (B ApCl) = A v, (min{B},Ciminduy, yi}) foralli j
= <max{Aja min{B.,C{}}, max{2, min{u,, yg}}> foralli, j
= (mingmax{A;, B}, max{A?, C; ¥}, mindmax{ 45, 1y}, max{; , 5 33)
= (A" v, B )/\P (A( vy C )
(i) A vy (B ApCl)= (A7 2)v (<|§,j’ﬂ,§’> < (Ci., ;/,j>)
Al v, (B( A C() =A' v <m|n{B C¢ o3 max{; 7,J}>forall i ]
<max{Aj min{B?,CE ¥} max{A2, max{x., y;}}> foralli, j
min{max{A?, B}, max{A?,C<}}, max{max{ 2, 1}, max{ 2, y,j}}>
A v, BO)ag (AC v, 1)
(i) A' vq (B( Ap C() <A11 >VR (<Buyu>/\P <C° 7u>)
A v (BC A CC) =ACY » (min{B},C5}, min{uy, 5} forall i, j
= <max{AIJ ,mln{BIJ ,CIJ 1 min{4], mln{yiﬁ?,yi‘;}}> foralli, j

= (min{max{A; , B}, max{A?, C; ¥}, min{min{4;, 7}, min{ 3, 7; }3)
= (A" v, B )/\P (A( vy Cf )
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(iv) A' v (B( A C() <A,J ,/lfj‘> (<Bu,uu>/\R <Cij°,7i?>)
A v, (B AgCl) =ACY <min{BU,C“} max{u},7;}) forall i, j
<max{AIJ ,mln{BIJ ,C,J 1} mln{/lu,max{y,?,y,f}}> foralli, j
mln{max{AIJ ,B“} max{A,J ,CIJ 1} max{min{Aj, yu} min{ifj‘,yu?}}>
Al v, B )/\R (A( vy C )
v) A° A, (B( vp Cl )=<;&‘f,ﬂ,> (<Bu,uu> <6ij°,7/§>)
A np (BCvoCl) = AC A <max{Bu, s} max{up, yi}) forall i, j
<m|n{A“ ,max{B’,C¢ ¥} min{2, max{y., y;}}> forall i, j
max{mln{Aij ,Bij},mln{Aij ,Cij 1} max{min{A; ,,uu} min{A;, 7; }}>
AC As BO)v, (AC A CY)
i) A A, (B( Vg C ): <Z«1f, > (<BIJ yu>vR <Cij°,7ij?>)
A np (BC v Cl) = AC A <max{BU,Cu} min{uy, yi}) forall i, j
<m|n{AU ,max{B’,C¢ ¥} min{A2, min{up, y;}}> forall i, j
max{mln{AIJ ,Bu} mln{AIJ ,CIJ 1 min{min{4, yu} min{4;,7; }}>
A' A, B )VR (A( Ap C! )
i) A ng (B v CU)= (A% Z)A (<Bu,uu> <C”°,7/“>)
ACng (B v Cl) = ACA <max{B,J,C,J} max{uf  753) forall, |
<m|n{Au ,max{B,C 3} max{As, max{u., y;}}> foralli, j
= (madmin{A, B}}, min{A?, C;}}, max{max{; , 1}, max{2;  7; }})
AC Ag BC)v, (AU AgCl)
= (R 5B 657
ACAg (B vpCl) = AC A <max{Bu,CU} min{ug , 7¢3}) foralli |
<m|n{AIj ,max{BIJ ,CIJ 1 max{A;, mln{yIj i }}> forall i, j
= max{mln{Aij , Bij } mln{Aij ,Cij 3 min{max{A;, 11}, max{4;, ;/U?}}>
Al Ap B )\/R (A( Ag C! )
Proposition 3.13 Let A € ICSM__ (resp.ECSM__). Then

mxn

(viii) A’ /\R(B( Vg C

mxn

Proof. Let Al = <Aja,ﬂ,ﬁ> e ICSM . ,and A <A;‘,/1a>
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(i) (A( Ve Al )T :(<Af‘,ﬁ,f}>vp <Aja,ﬂ,fj‘>)T forall i, j.
(A v, AT :(<max{§if‘,,§f},max{iﬁ,iﬁ}>)T

= (7. %)

{5
=(aJ.
i) (A" vg AT :(<Rf,ﬂﬁj?>vR<,§f,A;}>)T for all i, j.
(A v AT :(<max{5;,Af},min{i;’;!,if}}})T

=((A.2))

(5.5
=(aJ.
(i) (A Ap AT :(<Af,ﬂ1§>vp<,§f,iﬁ>)T for all i, j.
(A np A ) = ((mingAg, Ay mingss, £23))

= (A z))

(5.3
=(AJ.
i) (A Ag AT :(<Af,4?>AR<,§?,iﬁ>)T forall i, j.
(A n A) = ((mingAz, Ay, max(zs, 223)]
(A 4))

(
¥y
(ACT.

= (A )T
v) (A<T)T :(<,§;‘,ﬂ,ﬁ}>T)T forall i, j.
(oA =(Ae )
= (A7 %)
= A",

Proposition 3.14 Let A',B" € ICSM_ (resp.ECSM,, ). Then
@) (A v B =(A v, (B .
i) (AC v B J =(A v, (B ).
(iii)(AC Ap B = (A A, (BT

() (A Ag B ] =(A ) (B ).
Proof. Let A',B' € ICSM__(resp.ECSM___ ).
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i (A v, B :(<Zﬁa, By 45) )T forall i, j.

(AC v, B( (<max{AU ,B”} max{ A2, y,,}>)T forall i,
max{A2,B®}, max{A3, 15 }> foralli, j

<
(A7) ve (8"
“)

T

U'

forall 1, .

@ (A v B T = (A %) ve (B2 44

(AC v BT

=

(<max{AU ,B”} ming 2, 1! }>)T forall i, j
(max{A;, B}},min{4;, u}}) forall i, j
(

AT v

T

(i) (A€ Ap B S :(<f5\f,ﬂﬁ>/\ (B}, 44

(AC A, BT

forall 1, j.

i)

(<m|n{AIJ ,BU} mln{/lIJ 2 }>)T foralli, j
<m|n{A", >}, min{2, ,,u"}> forall i, j
AT Ap (B< ).

T - -
) forall 1, J.

mingA?, B73,max(z;. 53)] foralli
mln{AJI : } max{4; ,,u"}> foralli, j

= (A ) Aq (B< ).
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